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Bending without shear force (pure bending)
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Curvature: J{ — -é- Rt

Strain: &X (z)_-:: -Z-W
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Bending with shear force (transverse bending)

Cantilever beam
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Shear force
in a beam

L=F
My - F(l-g)=0
My =T, (l-%)
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A reminder: cantilever beam - Ritz method solution

I/ZJ w(x) j Po  solve a cantilever beam using the Ritz method
e Al 4 A
/ s using a given approximation function:
B
- ray-x
X)=a +a,-x+a,-x"+a,-x
—>
Boundary conditions: W(x = O) =0 =P a1 =0 W(x = O) =0 =) a2 =0
Approximate solution: 1 The exact solution:
W(x)z%’;‘j:-xz—ﬁg—;i-f » W(x):z%?/lj' 2_%5_31'x3+72%'x4
Mg(x):%polz—%pol-x wl) 6% M, (x)=3pl=2)
T(x):—%pol 1% 3 ) T(x): _po(l_x)
&’ 7S r L, T z
12 £70 \A /// g X / >y
5 2 ~
12pol o ) g(x) 1, L, /
N 12 Po 2 Po /\\T(x)
\ [




A beam finite element (bending in one plane)
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— transverse displacements at nodes

— deflection angles at nodes

(positive signs in counterclockwise

direction)

n=2; n,=2 2 ny=n-n,=4

Let us assume an approximation of the deflection function in the element:

W) = +052§+0(3§2 +a4§3

However, new parameters are required: wy,w,, 01, 05

Vector of nodal parameters:

{q}e =

q1
q>
q3
44/,

Nodal approximation:

w(s)

=2 N,

w(&) = N() J{q},




A beam finite element - the relationship between «&,,&,,0;,0, and 4,,9,-95,94

wme)=q, —|—052§+053§2 "'05453

displacement atnode1 = 917 w(0) =a,,

d
deflection angle atnode 1 =» ¢, = d—vg(O) =a,,

displacementatnode2 =2 g, =w(l)=q,+a,l, +0!3182 +054lj,

deflection angle atnode 2 = ¢, = z—vg(l) =a, +2a,l, +3a,l’.

In matrix notation:

rql 3 1 O O O fal 3
| 1ol 1]0]0]le

9 = . ‘
q3 1 le Zez lj < a3 >

q,) | 0] 1 ]2 |32]|a,)

AW1 =4 w(g) W, 303
i o=
. \)
@ - 2
1 0 0 0
al 1o l1lo]|o0ll®
a, q,
L — J 74\
a; __3 __2 i __1 q;
2 2
a, [ [ [ l, 9.)
2| 1j=21
Lo | 5L
- 9




A beam finite element — shape functions

The approximated displacement can be reprg§_ented‘in‘tﬁé—f6—r—m:

wé) =|LEE,E |

N(&) =1

N, (&) = 525+i

& &
_31_2+2l_3°
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3@>3i—f;
=& &
N =45
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| V(). N, (), Ny (E), N, (&) |{ 2

______________
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q,

q;
\q4J

% ol1]o0/oll?D
a, q,
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21211
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A beam finite element - shape functions and their derivatives

I _ N Il 4 °N 1 NEZY
NdE}MM/N“

(l

For the first shape function:

I b 2
Ny = - ZE T 126 M;—éa—%g N,,m=%

For other shape functions:

l B, B2 b 9.5 Y b
NZ:T1"Q§+jJ§ ,M;-Le+gg /M.*\f
6 _6 .2 h_6 _12 m_ _ 12

Nbl = 5 LJE , Na T g o N L&
.. D & . N2, & ch éz
Ny = - ET 125 N =t g T ke
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A beam finite element — total potential energy

Deflection function and its derivatives:

Total potential energy of a beam of length /.

le le
El
Vy = U =W = | W' @) = | pOW©OAE =) Pwi= ) My,
0 0 l J

w(&)=| N©&) [{q} .,
wi(&) = N'() |{4q},
w'(&)=| N"(&) |{a},.

le le
El El
U =~ j W ©w" (E)dE = j . IN"}IN" g} dE =
0 0

B El
= 7[6”6
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-ar AT I
NNy
AN
Ny Ny
AN
N3 Ny

r 144
N, N,

N1’,N2,,
N2,,N2”
N3IIN2II
N4_,,N2”

N1/IN3/I
N2,,N3”
N3”N3”
N4_”N3”

N1/IN4/I—
N2,,N4”
N3”N4”
N4_”N4”_
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A beam finite element — stiffness matrix

Elastic strain energy of the beam:

/

1 %N”N”df iN”N”dg e'N”N"dg %N”N”dg
Ue:ELqJe[k]e{q}e ! 1 1 ) 1 4V2 ! 1 3 J 1 4V4
le. 14 14 IE' ”n 14 le. 14 14 le. 14 14
N,'N"dé [N,N,(ae [N,)N]ag [N,/ N, a&
0 0 0 0
[k]e - EI l% IL; IL; lc;
N3”N1”d§ N3”N2”d§ N3”N3”d§ N3”N4”d§
0 0 0 0
I, I, I, A
N4”N1”d§ N4”N2”d§ N4”N3”d§ N4”N4”d§
L0 0 0 0
Stiffness matrix of a beam element:
6 3. -6 3L
2 2
k] = 2FEI| 31, 27 =3I, [
e 13
Pl-6 -3 6 -3
2 2
3L 2 3L 2r
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A beam finite element — equivalent forces

Work of external load: WP = jp(f)W(f)df - jp(g) LN(éf)J{q}e dé

- TLNI () p(©), N,(O)p(E), Ny(§)pE&), N p(&)] g}, dE,

- 3
q,

w2 =| B EsEE ] =L E L ),
3

(44

Nodal equivalent forces resulting from continuous load output:

F = [ N(&)p(&)de

A
Flel)er F¢ )Ff

Va
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Example: Equivalent forces resulting from uniform transverse loading

Ze
Nodal forces resulting from continuous loading: Ee = J-Ni (f)p(f)d§
0

Ff F3 Ffl)Ff
For uniform transverse loading:
2 —

5 le ="
_ e 1 xl( = —_ é 2_ _’L 3 ;, Q] — f__‘”
LTt Gel R o S
e.t.c ]
F=F = Po’e Pole Pole
2 2 2 2 2
12 pole pOle
sze — pO e 12 12
12 2 @ @
Ff — _pOle pO
12
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A beam finite element — list of search functions

W, = =
. A W(é) Words Vector of nodal parameters
)@)qu L )G)Ezqq wq q1
{ — 01 q>
é — {q}e = W2 = q3
@ @ 02/, 44/ ,
=i} © -
Deflecj:ion: W(g) = LN J {%ge = Polynomial of the 3rd order
144 4\
Be;*ndir:;g M (g) =7 I - EJ LN'_’]{qg — Linear function
moment: J == 2 ey ) e
- - n_. '
Shear |5 (g) = -'Ejj W= Ejj LN"] -{fﬁe — Constant value
force: b ga
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A beam finite element — system of equations

Total potential energy of the beam element:

V.=U W, =%L6]Je[k]e {Q}e _LqJe{F}e

Ix4 4x4 4x1 Ix4 4x1
Condition for minimizing total potential energy:
GV;:O i=1,23,....n
oq,
6 |3, | -6 |3 |(q) (F
3| 217 | 3L | 17 E
K. {g), = 7). = 22T 2 S Ly
e 27Je ¢ =63 6 |-3L1]q F,
3le lez _3Ie 2182 \q4/ F:b e
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Example: cantilever beam loaded with a uniformly distributed transverse loading (one element)

‘W1 =q W,=q; Vector of nodal parameters:

|- %0,=q, ®,=q, Wy q1 0
- (q}, = 01 Ja2( _)O
[ EEEEEEEENE e =3y ( =l =3as
0 e2 q4 s
|e ____________________________ e_ ____________g __________ - ___e _______ N -
L‘ 4 i : | E i
Pole pol -----6—%—---%[------—6—----31,1-----: 0 F, |
2 PL@. Eq;/iva/ent pol '2EI .._.3,};.--.25‘12_____3. 2L 0 pol
12 orces 12 ; | : J L=7 £/0°
i® ki@ r _d. B3] 6 | -3 ]|4g 2
i 1 i i i 1 : 3 7 5
P, 315 ﬁ: =31 | 2l° ||q, —p,!
’ - L 12
2E[ l ________________________________________________________________
~3lg,) = £ YL R
2 ‘ - pO _ pO
2 qs = 4. = —
2E] 2 —Dy! 8 EI 6 EI
+2l q4) - 12 9

w@):;Ni(zs)% = w3 [l g e - S e e
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Example: cantilever beam loaded with a uniformly distributed transverse loading (one element)

.ZE:B C-0 s+ 30-g.)= R, +_pol

Reactions: (- 3t %> T
6 |3 |63 |0 F | ‘-2—%} Sﬂq/s#—i Q%)—RJF.;Q

2EI 30|20 | =31 I ||O| o ;

P63 6 |3a] | 2 ‘ ] K
|7 [ |fa) |-pt ! R,= - po . £,= _%

_______________________ %-__X____l_z____i ﬂ’l :

Bending moment: P"Q\L
Mg= ES- w“(g}: ES-Z NG
Mg= E3 (WG4 + NI G) 94)
Mg= & eb - ety afZE NG
My (x) Spl’l | iy < e

— .

As in the Ritz solution!




Example: M M
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AL B2 \ ;%;C
6
31
2p] | 6 6 31
- [3 31 -31 P
T 6 31
30| 2e
(g [w,
19, =16,
gs) 165

W1y 1y (0) (F1)
01 [q2 0 F
W2 | )43\ _) g3 _J-—P
@=0. (Vg (Vert  E
W3 ds 0 F5
\0;) \qs/) \gqJ M, J
121 0 | 3 |[q,] [-P]
2FEI > T
% 0 |4l" | I” |5q, =M,
3| 1P |2 9] (M, ]
, 71 | 31 | -121 |(-P]
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Example: cantilever beam loaded with a uniformly distributed transverse loading and point loads

(three elements)

Elastic strain energy in every element:

——LqJ ——LqJ[k 114}

IxXN NxN ¢ NxI
Extended Element Stiffness Matrices:

qs g4, 45 46

qi, gz, 43 44

Vector of nodal parameters:

r%\ rWlw
q, 0,
q; W,
%)
(=117
qs ws
ds o,
q; Wy
%) Y
as ds, 47, qs
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Example: cantilever beam loaded with a uniformly distributed transverse loading and point loads
(three elements)

Elastic strain energy LE

of the entire beam: U= :Z::Ue :%LQJ(;D{*:L){Q} :%LQJ[K]{Q}

1
| potential fth - V=U-W,=—|q||K|{q}—-| 9 |{F
Total potential energy of the system f ZI_QJ[ ]{Q} I_CIJ{ }

oV

The condition of minimum total —=0 i=12.3,....n
potential energy of the system: 8%

[K] {q} = {F} + displacement boundary conditions

4,
14 " 14 " 12 l 6 2 12 l 6 Z

M, (&)= Ew'(€) = BI| N NN N[ Mq<cf>={l—3<§—§>ql+l—2(5—§le)q2—l—3<5—§>q3+l—2(§—§)q4}E1,
q3 e e e e

4],
(4,

m m m m 12 6
T(5)=—E1W"'(f)=EILN1 N, ,N," N, J (9172 , T(§)={l—3(ql—q3)+l—2(qz+q4)}EI-
3 e e

q4), 23




Example: cantilever beam loaded with a uniformly distributed transverse loading and point loads

(three elements)

1 1 1
kll klZ k13

1 1 1
le k22 k23

1 2
32 kSS + kll

1 1 1 2
k 41 k 42 k-LS + kEl

oo &

2

2
k—l-l

0 0
0 0 0
0 0 0

2 |3 ] o

l; i 0| s
( 0 | 3.
i | o | o
i | o | o

q{

q,
q;
q,
qs
qs

qs |

o B, IS e TS I i

o T1
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Typical FEM calculations

1. Determination of the stiffness matrix of the elements [4],

2. Aggregation of the matrix of elements into the global matrix [K]

3. Determination of the equivalent load vector {F}

4. Introduction of boundary conditions — determination of all the searched
parameters {q}

5. Determination of internal forces (moments and shear forces) and normal

and shear stresses

25




Example: find the components of the equivalent load for a linearly distributed

transverse load

P(‘g) = P:‘_gﬁ‘ % Py

r'\

—

@b%.[';@ l)

1) Transverse equivalent force at node 1:

le e

26




2) Equivalent moment at node 1:

02-’0"" O 1. 1@
= EPA@ +i(P_P)L2’
30 \r2F)le E F F v
3) Transve ré_eﬂé?(’iUi\_lé lent force at _r_fc_)_dé_ 2: 12 l)
c_ ¢ €t
e = OYPP%) Nofs) ds= DS (el Fs™ 36 b =
gl =2,
- Pj‘gj T 220 (Pz‘@)lc
4) Equivalent moment at node 2:
e l
F?ac . DSF(?) Nq(s ._d SCZ PAE*P)( L5 —r&g )dg
R
== P pople
e

e Y . | 27




Example: find the components of the equivalent load for a linearly distributed

transverse Ioad

i %I’ 30(P::P)

sl

@

P—_U” L [2, 200mm

o= 15,,,’.,%y,

e

SR

2 |

P4

F(g) = P-l—{j %

qu,

©)Z§.Le’

e = P‘%" 20 (P?-"Pd)l&
;1@ F’qg = ! Pd}'-c

Fe
1DF28

e
F3 I)Ff

Me = /15mm2‘200mm+ (ﬂﬁm'(lm)) .200mm = -6CON
Be = =15 fm 200%m N %(30%)_2(}02%2, — 109 Nmm
12 |
N Y. .
e = MMZ'ZOQMM‘ N 27'5 (307’3{”4)‘-200"4”/7 = OO N
qu g~ ( 15—#-%) ZCOZMM (30Mm) = - I@qNMM
% = 200mm” =,
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