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Lecture 9A. 1D beam element

Finite element method
(FEM1)
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Examples of beams

footbridge

springboard

wing spar
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Bending without shear force (pure bending)

Radius of 
curvature

Bending 
moment

beam
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Strain:

Stress: 

Curvature:
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Bending moment in a beam

Second moment of area

For a rectangle:
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Bending with shear force (transverse bending)

Cantilever beam

Shear force 
in a beam
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x

w(x) Solve a cantilever beam using the Ritz method 
using a given approximation function:

( ) 3

4

2

321
~ xaxaxaaxw +++=

Boundary conditions: ( ) 00~ ==xw ( ) 00~ == xw01 =a 02 =a

A reminder: cantilever beam - Ritz method solution
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( ) 3

12
12

24
5 0

2
0~ xxxw

yy EJ

lp

EJ

lp
−=

Approximate solution:

( ) xlplpxM g −= 02
12

012
5~

( ) lpxT 02
1

~
−=

( ) 4

24
13

12
22

24
6 00

2
0 xxxxw

yyy EJ

p

EJ

lp

EJ

lp
+−=

The exact solution:

( ) ( )202
1 xlpxM g −=

( ) ( )xlpxT −−= 0

x
l

11%

6%

2%

( )xw~

( )xw

x
l

2

012
6 lp

2

012
5 lp

2

012
1 lp−

( )xM g

~

( )xMg x
l

lp0−

lp02
1−

( )xT
~

( )xT
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A beam finite element (bending in one plane)

q1, q3 – transverse displacements at nodes
q2, q4 – deflection angles at nodes

(positive signs in counterclockwise 
direction)

𝑞 𝑒 =

𝑤1

1
𝑤2

2 𝑒

=

𝑞1
𝑞2
𝑞3
𝑞4 𝑒

Vector of nodal parameters:

3

4

2

321)(  +++=w

Let us assume an approximation of the deflection function in the element:

However, new parameters are required: 𝑤1, 𝑤2, 1 , 2

4

1

( ) ( )i i

i

w N q 
=

=

 

 

 

( ) ( ) ,

( ) ( ) ,

( ) ( ) .

e

e

e

w N q

w N q

w N q

 

 

 

=   

 =   

 =   

Nodal approximation:

𝑛 = 2   ; 𝑛𝑝 = 2 → 𝑛𝑒 = 𝑛 ∙ 𝑛𝑝 = 4
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A beam finite element - the relationship between 4321 ,,,  and 4321 ,,, qqqq

1 1

2 2

2 3

3 1 2 3 4

2

4 2 3 4

(0) ,

(0) ,

( ) ,

( ) 2 3 .

e e e

e e

q w

dw
q

d

q w l l l l

dw
q l l l

d






   

  


= =

= =

= = + + +

= = + +

displacement at node 1 ➔

deflection angle at node 1➔

displacement at node 2 ➔

deflection angle at node 2 ➔

In matrix notation:

1 1

2 2

2 3

3 3

2

4 4

1 0 0 0

0 1 0 0
.

1

0 1 2 3

e e e

e e

q

q

l l lq

l lq









    
    

    =    
    
        

1 1

2 2

3 3
2 2

4 4

3 3 2

1 0 0 0

0 1 0 0

3 2 3 1

2 1 2 1

e e e
e

e e e e

q

q

q

l l l l q

l l l l









 
 
 
    
    

    =   
− − −    
        

− 
 
  

3

4

2

321)(  +++=w
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A beam finite element – shape functions

The approximated displacement can be represented in the form:

Shape functions of a beam element:

1 1

2 22 3

1 2 3 4

3 3

4 4

( ) 1, , , ( ), ( ), ( ), ( )

q

q
w N N N N

q

q




       





   
   
   

 = =       
   
      

2 3

1 2 3

2 3

2 2

2 3

3 2 3

2 3

4 2

( ) 1 3 2 ,

( ) 2 ,

( ) 3 2 ,

( ) .

e e

e e

e e

e e

N
l l

N
l l

N
l l

N
l l

 


 
 

 


 


= − +

= − +

= −

−
= +

N (  )

1 1

1

2
N (  ) N (  )

4

N (  )
3

tg   =1

e

tg   =1

e

ee

𝑞1 = 1 𝑞3 = 1

𝑞2 = 1
𝑞4 = 1

1 1

2 2

3 3
2 2

4 4

3 3 2

1 0 0 0

0 1 0 0

3 2 3 1

2 1 2 1

e e e
e

e e e e

q

q

q

l l l l q

l l l l









 
 
 
    
    

    =   
− − −    
        

− 
 
  
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A beam finite element - shape functions and their derivatives

For the first shape function:

For other shape functions:
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A beam finite element – total potential energy

Deflection function and its derivatives:  

 

 

( ) ( ) ,

( ) ( ) ,

( ) ( ) .

e

e

e

w N q

w N q

w N q

 

 

 

=   

 =   

 =   

Total potential energy of a beam of length le:

𝑉𝑒 = 𝑈𝑒 −𝑊𝑧𝑒 =
𝐸𝐼

2
න

0

𝑙𝑒

(𝑤″(𝜉))2𝑑𝜉 − න

0

𝑙𝑒

𝑝(𝜉)𝑤(𝜉)𝑑 𝜉 −෍

𝑖

𝑃𝑖𝑤𝑖 −෍

𝑗

𝑀𝑗 𝜗𝑗

𝑈𝑒 =
𝐸𝐼

2
න

0

𝑙𝑒

𝑤″(𝜉)𝑤″(𝜉)𝑑𝜉 =
𝐸𝐼

2
න

0

𝑙𝑒

𝑞 𝑒 𝑁″ 𝑁″ 𝑞 𝑒𝑑𝜉 =

=
𝐸𝐼

2
𝑞 𝑒න

0

𝑙𝑒
𝑁1

′​′𝑁1
′​′ 𝑁1

′​′𝑁2
′​′ 𝑁1

′​′𝑁3
′​′ 𝑁1

′​′𝑁4
′​′

𝑁2
′​′𝑁1

′​′ 𝑁2
′​′𝑁2

′​′ 𝑁2
′​′𝑁3

′​′ 𝑁2
′​′𝑁4

′​′

𝑁3
′​′𝑁1

′​′ 𝑁3
′​′𝑁2

′​′ 𝑁3
′​′𝑁3

′​′ 𝑁3
′​′𝑁4

′​′

𝑁4
′​′𝑁1

′​′ 𝑁4
′​′𝑁2

′​′ 𝑁4
′​′𝑁3

′​′ 𝑁4
′​′𝑁4

′​′

𝑑𝜉 𝑞 𝑒 .
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A beam finite element – stiffness matrix

Elastic strain energy of the beam:

   
1

2
e ee e
U q k q=   

 

1 1 1 2 1 3 1 4

0 0 0 0

2 1 2 2 2 3 2 4

0 0 0 0

3 1 3 2 3 3 3 4

0 0 0 0

4 1 4 2

0 0

e e e e

e e e e

e e e e

e e

l l l l

l l l l

e l l l l

l l

N N d N N d N N d N N d

N N d N N d N N d N N d

k EI

N N d N N d N N d N N d

N N d N N d

   

   

   

 

       

       

=

       

   

   

   

   

 4 3 4 4

0 0

e el l

N N d N N d 

 
 
 
 
 
 
 
 
 
 
 

    
  

  

Stiffness matrix of a beam element:

 
2 2

3

2 2

6 3 6 3

3 2 32

6 3 6 3

3 3 2

e e

e e e e

e
e ee

e e e e

l l

l l l lEI
k

l ll

l l l l

− 
 

−
 =
 − − −
 

−  
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A beam finite element – equivalent forces

Work of external load:  

 

0 0

1 2 3 4

0

( ) ( ) ( ) ( )

( ) ( ) , ( ) ( ) , ( ) ( ) , ( ) ( ) ,

e e

e

l l

p

ze e

l

e

W p w d p N q d

N p d N p d N p d N p d q d

     

            

= = =  

=   

 



 

1

2

1 2 3 4

3

4

, , ,p e e e e

ze eee

q

q
W F F F F F q

q

q

 
 
 

 = =      
 
  

0

( ) ( )
el

e

i iF N p d  = 

Nodal equivalent forces resulting from continuous load output:

𝐹1
𝑒 𝐹2

𝑒 𝐹3
𝑒 𝐹4

𝑒
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Example: Equivalent forces resulting from uniform transverse loading

0

( ) ( )
el

e

i iF N p d  = Nodal forces resulting from continuous loading:

1 2

0
p

p

2
0 e 0 e

2
0 e

12

2

12

2

e0

p

pp

0
1 3

2

0
2

2

0
4

2

12

12

e e e

e e

e e

p l
F F

p l
F

p l
F

= =

=

−
=

For uniform transverse loading:

e.t.c.

𝐹1
𝑒 𝐹2

𝑒 𝐹3
𝑒 𝐹4

𝑒
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A beam finite element – list of search functions

Deflection:

Bending 
moment:

Shear 
force:

Polynomial of the 3rd order

Linear function

Constant value

𝑞 𝑒 =

𝑤1

1
𝑤2

2 𝑒

=

𝑞1
𝑞2
𝑞3
𝑞4 𝑒

Vector of nodal parameters
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A beam finite element – system of equations

Total potential energy of the beam element:

         
4 4 4 11 4 1 44 1

1

2
e e zeV U W q q q Fk e ee ee

  

= − = −

Condition for minimizing total potential energy:

0e

i

V

q


=


1,2,3, ,i n= 

     
e e e

k q F=

1 1

2 2

2 2

3

3 3

2 2
4 4

6 3 6 3

3 2 32

6 3 6 3

3 3 2

e e

e e e e

e ee

e ee e e e

l l q F

q Fl l l lEI

q Fl ll

q Fl l l l

−    
   −    

=   
− − −    

   −    
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Example: cantilever beam loaded with a uniformly distributed transverse loading (one element)

1

2
2 2

0
3

3

2 2 2
4 0

06 3 6 3

03 2 32

6 3 6 3 2

3 3 2

12

F

l l F

l l l lEI p l

ql ll

ql l l l p l

 
 −  
  

−    
=   

− − −    
   − − 

 
 

𝑞 𝑒 =

𝑤1

1
𝑤2

2 𝑒

=

𝑞1
𝑞2
𝑞3
𝑞4 𝑒

=

0
0
𝑞3
𝑞4 𝑒

Vector of nodal parameters:

0
3 43

2
2 0

3 43

2
(6 3 ) ,

2

2
( 3 2 ) ,

12

p lEI
q lq

l

p lEI
lq l q

l

− =

−
− + =

2 2
2 3 2 30 0 0 03 1 2 1 5

( )
8 6 8 6 24 12

p l p l p l p l
w

EI EI EI EI
    

−   
= − + + = −   
   

4

0
3

3

0
4

1

8

1

6

p l
q

EI

p l
q

EI

=

=

4

0
3

3

0
4

1

8

1

6

p l
q

EI

p l
q

EI

=

=

4

1

( ) ( )i i

i

w N q 
=

=

Equivalent 
forces
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Reactions:

Bending moment:

x
l

2

012
6 lp

2

012
5 lp

2

012
1 lp−

( )xM g

~

( )xMg

Example: cantilever beam loaded with a uniformly distributed transverse loading (one element)

1

2
2 2

0
3

3

2 2 2
4 0

06 3 6 3

03 2 32

6 3 6 3 2

3 3 2

12

F

l l F

l l l lEI p l

ql ll

ql l l l p l

 
 −  
  

−    
=   

− − −    
   − − 

 
 

As in the Ritz solution!
x

l

2

012
5 lp

2

012
5 lp

𝑀𝑔 𝑥



6 3l -6 3l

3l 2l2 -3l l2

-6 -3l 6+6 -3l+3l -6 3l

3l l2 -3l+3l 2l2 +2l2 -3l l2

-6 -3l 6 -3l

3l l2 -3l 2l2

1

2

2 3

P

M

1

M1 2

A B C
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Example:

3

2 2

4 13

2 2

6 2

12 0 3
2

0 4

3 2

l q P
EI

l l q M
l

l l l q M

−   
   

=   
   
   

2

3 2

4 2 1

6 3 2

7 3 12

3 15 12
96

12 12 48

q w l l l P
l

q l M
EI

q l M





− −     
     

= = −     
     − −     

𝐾 =
2𝐸𝐼

𝑙3

𝑞 =

𝑤1

1
𝑤2

2
𝑤3

3

=

𝑞1
𝑞2
𝑞3
𝑞4
𝑞5
𝑞6

=

𝟎
𝟎
𝑞3
𝑞4
𝟎
𝑞6

𝐹 =

𝑭𝟏
𝑭𝟐
−𝑃
𝑀1

𝑭𝟓
𝑀2
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 

1 1

2 1

3 2

4 2

5 3

6 3

7 4

8 4

q w

q

q w

q
q

q w

q

q w

q









   
   
   
   
   
   

= =   
   
   
   
   
   

  

Vector of nodal parameters:

   
1

2
e e ee
U q k q=       *

11

1

2
e

N N NN e

U q qk
 

=

Elastic strain energy in every element:

Extended Element Stiffness Matrices:

Example: cantilever beam loaded with a uniformly distributed transverse loading and point loads

(three elements)

1 2

0
p

3 4

P

M

1 2 3

1
q q

3
q

5
q

7

q
2 4

q q
6

q
8

 =
3e

e e e

PM
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Elastic strain energy
of the entire beam:     

1 1

1 1

2 2

LE LE

e e
e i

U U q k q q K q

= =

 
 = = =        

 
 

    
1

2
zV U W q K q q F= − = −      Total potential energy of the system:

0
i

V

q


=


1,2,3, ,i n= The condition of minimum total

potential energy of the system:

    K q F= + displacement boundary conditions

1 2 3 43 2 3 2

1 3 2 43 2

12 6 2 12 6
( ) ( ) ( ) ( ) ( ) ,

2 3 2 3

12 6
( ) ( ) ( ) .

e e e
q e

e e e e

e e

l l l
M q l q q q EI

l l l l

T q q q q EI
l l

    



 
= − + − − − + − 
 

 
= − − + + 

 
1 2 3 43 2 3 2

1 3 2 43 2

12 6 2 12 6
( ) ( ) ( ) ( ) ( ) ,

2 3 2 3

12 6
( ) ( ) ( ) .

e e e
q e

e e e e

e e

l l l
M q l q q q EI

l l l l

T q q q q EI
l l

    



 
= − + − − − + − 
 

 
= − − + + 

 

1

2

1 2 3 4

3

4

1

2

1 2 3 4

3

4

( ) ( ) , , , ,

( ) ( ) , , , .

q

e

e

q

q
M EIw EI N N N N

q

q

q

q
T EIw EI N N N N

q

q

 

 

 
 
     = =      
  

 
 
     = − =      
  

1

2

1 2 3 4

3

4

1

2

1 2 3 4

3

4

( ) ( ) , , , ,

( ) ( ) , , , .

q

e

e

q

q
M EIw EI N N N N

q

q

q

q
T EIw EI N N N N

q

q

 

 

 
 
     = =      
  

 
 
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Example: cantilever beam loaded with a uniformly distributed transverse loading and point loads
(three elements)
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Example: cantilever beam loaded with a uniformly distributed transverse loading and point loads
(three elements)
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Typical FEM calculations

1. Determination of the stiffness matrix of the elements

2. Aggregation of the matrix of elements into the global matrix 

3. Determination of the equivalent load vector

4. Introduction of boundary conditions – determination of all the searched 

parameters

5. Determination of internal forces (moments and shear forces) and normal 

and shear stresses

 
e

k

 K

 F

 q
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Example: find the components of the equivalent load for a linearly distributed

transverse load

1) Transverse equivalent force at node 1:

𝐹1
𝑒 𝐹2

𝑒 𝐹3
𝑒 𝐹4

𝑒



27

2) Equivalent moment at node 1:

3) Transverse equivalent force at node 2:

4) Equivalent moment at node 2:

𝐹1
𝑒

𝐹2
𝑒 𝐹3

𝑒

𝐹4
𝑒
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Example: find the components of the equivalent load for a linearly distributed
transverse load

𝐹1
𝑒

𝐹2
𝑒 𝐹3

𝑒

𝐹4
𝑒
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